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Abstract
p-Adic generalization of the Feynman path integrals in quantum mechanics is consid-
ered. The probability amplitude Kv(x′′, t′′; x′, t′) (v =∞, 2, 3, · · · , p, · · ·) for a particle in a
constant field is calculated. Path integrals over Qp have the same form as those over R.
1. Introduction
This investigation of p-adic functional integration is motivated by a successful ap-
plication of p-adic numbers in many parts of theoretical and mathematical physics, and
particularly in quantum mechanics (for a review see Refs. 1,2,3). As it is known [4], p-adic
numbers may be obtained by completion of the field of rational numbers Q with respect
to the p-adic norm (valuation). Recall that the field of real numbers R may be regarded
as completion of Q with respect to the usual absolute value.
In physical measurements only rational numbers can be obtained, and comparison
of theoretical models and experimental results performs within Q. Since there is a good
analysis on R theoretical models are traditionally constructed over R and not over Q. Only
in 1987 the use of p-adic analysis started to give acceptable physical models.
The fields of p-adic numbers Qp (p denotes any prime number) and R exhaust all
possible number fields which can be obtained by completion of Q. It is a natural hope that
inclusion of p-adic numbers in the study of physical phenomena provides some additional
clarification of a problem in question. The space of adeles is a mathematical concept which
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contains all Qp and R, and enables to treat them simultaneously.
One of the greatest achievements in the use of p-adic numbers in physics is a for-
mulation of p-adic quantum mechanics [5]. The elements of the corresponding Hilbert
space L2(Qp) are complex-valued functions of a p-adic argument. It is recently shown [6]
that p-adic quantum mechanics and the ordinary one can be unified in the form of adelic
quantum mechanics, which is quantum mechanics over the space of adeles.
One of the basic characteristics of quantum mechanics is a probabilistic description
of physical events. As a starting point to calculate quantum dynamics, instead of the
Schro¨dinger equation, one can use the kernel K(x′′, t′′; x′, t′) of the evolution operator U(t).
This K(x′′, t′′; x′, t′) is also called the quantum-mechanical propagator, or the probability
amplitude for a particle to go from a space-time point (x′, t′) to a space-time point (x′′, t′′).
For the reason of simplicity we consider only 1+1 - dimensional systems.
Feynman has postulated [7] K(x′′, t′′; x′, t′) to be the path integral
K(x′′, t′′; x′, t′) =
∫
exp(
2pii
h
S[q])Dq , (1.1)
where S[q] =
∫ t′′
t′
L(q, q˙, t)dt is an action. L(q, q˙, t) is the Lagrange function and x′′ =
q(t′′), x′ = q(t′). The integral in (1.1) is a symbol which has to realize an intuitive
understanding that a quantum-mechanical particle can propagate from x′ to x′′ using
uncountably many paths which connect these two points. Thus the Feynman path integral
means a continual summation of single amplitudes exp( 2pii
h
S[q]) over all paths q(t) staying
between x′ = q(t′) and x′′ = q(t′′). In practical calculations it is the limit of an ordinary
multiple integral over N − 1 variables qi = q(ti) when N →∞. Namely, the time interval
t′′ − t′ is divided into N equal subintervals and integration is taken over qi from −∞ to
+∞, but for a fixed time ti.
The kernel K defined in (1.1) must satisfy the following conditions:
(i) K(x′′, t′′; x′, t′) = ∫
R
K(x′′, t′′; x, t)K(x, t; x′, t′)dx (1.2)
(ii)
∫
R
K∗(x′′, t′′; x, t)K(x′, t′′; x, t)dx = δ(x′′ − x′) (1.3)
(iii) K(x′′, t; x′, t) = δ(x′′ − x′). (1.4)
For the classical action S¯(x′′, t′′; x′, t′), i.e. the minimal action with the classical
trajectory q¯ = q¯(t), which is quadratic in x′′ and x′, it has been shown [8] that in the real
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case
K(x′′, t′′; x′, t′) =
(
i
h
∂2S¯
∂x′′∂x′
) 1
2
exp
(2pii
h
S¯(x′′, t′′; x′, t′)
)
, (1.5)
where h is the Planck constant.
Feynman invented path integral in 1942, but he published it in 1948 [7]. Since then
it has been a subject of permanent interest in theoretical and mathematical physics, and
it is now one of the best approaches to quantum theory. On the recent progress, present
state and some future prospects one can see Ref. 9.
This paper is devoted to the p-adic generalization of (1.1), i.e. x′′, x′;t′′, t′ are p-adic
variables and K is the complex-valued function. Such approach is suggested in Ref. 5 and
its validity is demonstrated on the harmonic oscillator [10]. We shall see here that it can
be formally done in the same way, and that it has the same form, as in the real case.
2. On p-adic numbers and p-adic analysis
We recall here only some basic properties which are relevant to the rest of the paper.
Any x ∈ Qp can be presented in the form
x = pν(x0 + x1p+ x2p
2 + · · ·) , ν ∈ Z , (2.1)
where xi = 0, 1, · · · , p − 1 are digits. p-Adic norm of any term xipν+i in the canonical
expansion (2.1) is | xipν+i |p= p−(ν+i). Since p-adic norm is the non-archimedean one,
i.e. | a + b |p≤ max{| a |p, | b |p}, it follows that | x |p= p−ν . p-Adic numbers are closely
connected to the prime numbers (p = 2, 3, 5, · · ·) and there are infinitely many Qp, i.e. for
every p there is one corresponding Qp.
There is no natural ordering on Qp. However one can introduce a linear order on Qp
by the following definition: x < y if | x |p<| y |p or when | x |p=| y |p there exists such
index m ≥ 0 that digits satisfy x0 = y0, x1 = y1, · · · , xm−1 = ym−1 , xm < ym.
There are two kinds of analysis over Qp: the first one which is connected with map
ϕ : Qp → Qp, and another one related to map f : Qp → C, where C is the field of complex
numbers. Here, we use the both of these analysis. Derivatives of ϕ(x) are defined as in
the real case, but with respect to the p-adic norm. There is no integral
∫
ϕ(x)dx in a
sense of the Lebesgue measure [4], but one can introduce
∫ b
a
ϕ(x)dx = Φ(b) − Φ(a) as a
functional of analytic functions ϕ(x), where Φ(x) is an antiderative of ϕ(x). In the case of
map f : Qp → C there is well-defined Haar integral. We use here the Gauss integral∫
Q
v
Xv(ax2 + bx)dx = λv(a) | 2a |−
1
2
v Xv
(− b2
4a
)
, a 6= 0 , (2.2)
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where index v denotes real and any of p-adic cases, i.e. v =∞, 2, 3, 5, · · · , where ∞ corre-
sponds to the real case. Xv is a multiplicative character: X∞(x) = exp(−2piix), Xp(x) =
exp(2pii{x}p) where {x}p is the fractional part of x ∈ Qp. Function λv(a) is the complex-
valued one defined as follows [1]:
λ∞(a) =
1√
2
(1− isigna) , (2.3)
λp(a) =


1, ν = 2k , p 6= 2,(
a0
p
)
, ν = 2k + 1, p ≡ 1(mod 4),
i
(
a0
p
)
ν = 2k + 1, p ≡ 3(mod 4),
(2.4)
λ2(a) =
{
1√
2
[1 + (−1)a1i], ν = 2k ,
1√
2
(−1)a1+a2 [1 + (−1)a1i], ν = 2k + 1, (2.5)
where p-adic number a has the form (2.1),
(
a0
p
)
is the Legendre symbol, and k ∈ Z. We
will mainly use the following properties of λv(a):
λv(0) = 1, λv(a
2b) = λv(b), λv(a)λv(b) = λv(a+ b)λv(
1
a
+
1
b
),
λ∗v(a)λv(a) = 1 .
(2.6)
3. p-Adic generalization of the Feynman path integral
Let us now consider
Kv(x′′, t′′; x′, t′) =
∫
Xv(− 1
h
S[q])Dvq (3.1)
as a generalization of (1.1) in ordinary quantum mechanics on all number fields Qv which
can be obtained by completion of Q (note that Q∞ ≡ R). In (3.1) Kv is a complex-valued
function of x′′, t′′, x′, t′ ∈ Qv (v =∞, 2, 3, · · ·).
DEFINITION. If there exists the limit
lim
N→∞
K(N)v (x′′, t′′; x′, t′) = lim
N→∞
AN
∫
Q
v
· · ·
∫
Q
v
Xv
(
− 1
h
N∑
i=1
S¯(qi, ti; qi−1, ti−1)
)
dq1 · · ·dqN−1 ,
(3.2)
where x′ = q0, x′′ = qN , t′ = t0, t′′ = tN , and AN = AN (t′′, t′) is a normalization
factor, we say
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Kv(x′′, t′′; x′, t′) = lim
N→∞
K(N)v (x′′, t′′; x′, t′) (3.3)
is the Feynman path integral.
It is understood that t0 < t1 < · · · < tN−1 < tN according to linear order on Qv and
that | ti − ti−1 |v→ 0 for every i = 1, 2, · · · , N when N → ∞. Note that S¯ in (3.2) is the
classical action which corresponds to the classical path q¯(t). This path q¯(t) satisfies the
Euler-Lagrange equation
∂L
∂q
− d
dt
∂L
∂q˙
= 0 , L = L(q, q˙, t) (3.4)
and yields the minimum (extreme) of the action S[q].
4. Generalized path integral for some physical systems
To present time the path integral (3.1) has been derived in the real case for many
physical systems [9]. However, p-adic path integral is calculated only for the harmonic
oscillator [10]. Here we give the result of calculation for a particle in a constant external
field. For the real case this integral can be found in Ref. 7. For the reason of simplicity
we use units in which m = h = 1, where m is the mass of a particle and h is the Planck
constant.
The Lagrange function of a particle with a constant acceleration a is
L(q, q˙) =
q˙2
2
+ aq , (4.1)
where q denotes position. The corresponding Euler-Lagrange equation (3.4) is q¨ = a. If
we denote t′ = 0, t′′ = T, q(0) = q′, q(T ) = q′′ one obtains the classical path
q(t) =
a
2
t2 +
q′′ − q′ − a2T 2
T
t+ q′ . (4.2)
For (4.2) one can calculate the classical action
S¯(q′′, T ; q′, 0) =
∫ T
0
(
q˙2
2
+ aq
)
dt (4.3)
and it yields
S¯(q′′, T ; q′, 0) =
(q′′ − q′)2
2T
+
a
2
(q′′ + q′)T − a
2
24
T 3 . (4.4)
Note that expressions (4.1) to (4.4) are valid for real and all p-adic cases.
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Let us decompose the time interval T into N subintervals 0 = t0 < t1 < · · · < tN−1 <
tN = T and denote εi = ti − ti−1, qi = q(ti) for i = 1, · · · , N . To use definition (3.2) let
us prove the following
PROPOSITION. It holds
N∏
i=1
λv(2εi) | εi |−
1
2
v
∫
Q
v
· · ·
∫
Q
v
Xv
[
− 1
2
N∑
i=1
(qi − qi−1)2
εi
− a
2
N∑
i=1
(qi + qi−1)εi +
a2
24
N∑
i=1
ε3i
]
dq1 · · ·dqN−1 = λv
(
2
N∑
i=1
εi
)
|
N∑
i=1
εi |−
1
2
v
Xv
[
− 1
2
(qN − q0)2∑N
i=1 εi
− a
2
(qN + q0)
N∑
i=1
εi +
a2
24
( N∑
i=1
εi
)3]
.
(4.5)
In order to prove (4.5) we use the method of induction, integral (2.2) and properties
(2.6) of λv functions. First we show validity of (4.5) for N = 2, and then we assume it is
valid for N and show that it holds for N + 1.
Denoting AN =
∏N
i=1 λv(2εi) | εi |
− 1
2
v we have by (3.2) that K(N)v (x′′, t′′; x′, t′) for a
particle of a constant acceleration is equal to the left-hand side of (4.5). According to the
above proposition lim
N→∞
K(N)v (x′′, t′′; x′, t′) is the limit of the right-hand side of (4.5) and
it exists. Recall that qN = q
′′ for any N and q0 = q′, as well as t′′ = T and t′ = 0. Thus
we can write down
Kv(x′′, T ; x′, 0) = λv(2T ) | T |−
1
2
v
Xv
[
− 1
2
(q′′ − q′)2
T
− a
2
(q′′ + q′)T +
a2
24
T 3
]
.
(4.6)
Looking at (4.6) one can see that it has the form
Kv(x′′, T ; x′, 0) = Av(T )Xv[−S¯(x′′, T ; x′, 0)] . (4.7)
In the real case A∞(T ) is usually written as (iT )−
1
2 [7], but one can easily show that it is
equal to λ∞(2T ) | T |−
1
2∞ , where | |∞ denotes the standard absolute value.
To obtain the corresponding result for a free particle it is enough to put acceleration
a = 0 in (4.6), i.e. for a free particle we get
Kv(x′′, T ; x′, 0) = λv(2T ) | T |−
1
2
v Xv
[
− 1
2
(q′′ − q′)2
T
]
, (4.8)
and it is in agreement with the known result in the real case [7].
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Using the above procedure we also calculated the Feynman path integral for the
following physical models:
(i) the de Sitter minisuperspace model [11]
Kv(x′′, T ; x′, 0) = λv(−2T ) | 4T |−
1
2
v
Xv
[
(q′′ − q′)2
8T
+
λ(q′′ + q′)− 2
4
T − λ
2
24
T 3
]
,
(4.9)
(ii) the harmonic oscillator with a time-dependent frequency [12], [13]
Kv(x′′, t′′; x′, t′) = λv
(
2 sin(γ′′ − γ′)) | √γ˙′′γ˙′
sin(γ′′ − γ′) |
1
2
v
Xv
[
1
2
(
s˙′x′2
s′
− s˙
′′x′′2
s′′
)]
Xv
[
− γ˙
′′x′′2 + γ˙′x′2
2 tan(γ′′ − γ′) +
x′′x′
√
γ˙′′γ˙′
sin(γ′′ − γ′)
]
,
(4.10)
where γ′ = γ(t′) , γ′′ = γ(t′′) and s′ = s(t′) , s′′ = s(t′′).
5. Concluding remarks
In this paper we defined p-adic generalization of the Feynman path integral in quantum
mechanics. Starting from the definition we calculated it for a particle in a constant external
field. Calculation performed simultaneously for real and p-adic cases, and all expressions
have the same form with respect to R and every Qp.
When classical action S¯(x′′, t′′; x′, t′) in the real case is quadratic in x′′ and x′ there
is a general solution [8] which, written in our notation, reads
K∞(x′′, t′′; x′, t′) = λ∞
(
− 2 ∂
2S¯
∂x′′∂x′
)
| ∂
2S¯
∂x′′∂x′
| 12∞ X∞
(− S¯(x′′, t′′; x′, t′)) .
It is natural to expect that the general formula holds
Kv(x′′, t′′; x′, t′) = λv
(
− 2 ∂
2S¯
∂x′′∂x′
)
| ∂
2S¯
∂x′′∂x′
| 12v Xv
(− S¯(x′′, t′′; x′, t′))
whenever S¯(x′′, t′′; x′, t′) is quadratic in x′′ and x′. Making the Taylor expansion of S
around its classical (extremal) value S¯ and using the condition (1.3), we can show that
Kv has the above form, but existence of the very prefactor λv
(
− 2 ∂2S¯
∂x′′∂x′
)
still needs a
rigorous proof.
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